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Abstrat
Propagation of gravitational and aousti plane waves in a at universe lled with a general
relativisti, homogeneous and isotropi, spatially at ontinuum is studied. The ontinuum is
desribed by analogues of nonrelativisti harateristis, namely energy per partile, pressure
and Lame oeients, and onsidered in the omoving propertime gauge. For all modes with
the given wave ovetor, dierential equations governing the time dependene of the amplitudes
are derived. In partiular, longitudinal aousti waves are desribed, in analogy with the non-
relativisti theory, by two oupled rstorder equations. As an example, plane waves in a sti
ultrarigid ontinuum are onsidered.
1 Introdution
Elastiity, as a theory of matter in form of an (ideal, dissipationless) elasti ontinuum,
has many appliations in everyday life; but in areas where relativisti eets are important,
appliations are muh more sparse. Nevertheless, the presene of a solid rust in neutron stars
has motivated the development of relastiity (short name for relativisti elastiity, from [1℄).
Among early works on the topi, [2℄ appears to be the most suessful.
Sine then, fundamental onepts of relastiity are known, but the terminology, notation
and formalism are far from being stabilized. Dierent authors start from dierent notions of
nonrelativisti elastiity, and use dierent oordinates, depending on what they nd most natural
and/or appropriate for the problem they study. This paper is no exeption. We deal with a
partiular problem, thus we onsider partiular notions to be basi, develop partiular formalism
and perform omputations in partiular oordinates.
The motivation of this paper is that, as long as elasti ontinuum an be inluded into
the framework of general relativity, we should be able to desribe how nonrelativisti elasti
phenomena and Einstein's gravitational phenomena aet eah other.
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As a nonrelativisti eet to start with, we have hosen the propagation of aousti waves;
speially, its simplest ase, the propagation of plane waves in a homogeneous and isotropi
ontinuum. For details, see [3℄.
In general relativity, the eets desribed by the theory also inlude plane waves in a homo-
geneous and isotropi bakground, namely gravitational waves in a at expanding universe.
The rst goal of this paper is to derive equations of propagation of both aousti and grav-
itational (weak) waves in a homogeneous and isotropi, spatially at, but otherwise ompletely
general ontinuum. Sine less spei equations for general weak waves were formulated, and
the orretness of their nonrelativisti limit was proven in [4℄, we do not address the problem of
nonrelativisti limit here.
The seond goal of this paper is to show how to use the theory of relastiity when solving
a partiular problem, if simpliity and larity are onsidered more important than elegane and
universality. This goal inludes introduing suh formalism, and using suh oordinates, that the
result will be obtained in the easiest possible way, even if that formalism and those oordinates
will not prove useful in other relastiity problems.
This paper is motivated neither by astrophysis nor by osmology, although its results an be
applied within the latter, when onsidering a solid dark matter omponent as in [5℄. Therefore,
when desribing our results, we remind the reader also of the terminology used in the theory
of osmologial perturbations, see for example [6℄. Our notations in relastiity are hosen to be
ompatible with [7℄, and our notations in dierential geometry to be ompatible with [8℄.
The paper is organized as follows. In setion 2 we introdue basi onepts of relastiity. In
setion 3 we develop a theory of plane waves as linear perturbations imposed on the bakground
solution. We derive equations for the bakground as well as for the perturbations, identify modes
that orrespond to gravitational and aousti (transversal and longitudinal) waves, and propose
a gauge invariant desription of longitudinal aousti waves. For better understanding of our
formalism, in setion 4 we write down equations for plane waves in a partiular ontinuum,
namely the sti ultrarigid ontinuum introdued in [9℄. In setion 5 we disuss the results.
2 Relastiity
Relastiity is a theory that desribes elasti ontinua within Einstein's theory of gravity. In
the simplest ase there is just one ontinuum, and it extends over all spaetime. The spaetime
is, of ourse, a 4dimensional manifold, equipped with a metri g that is regarded as a dynamial
eld satisfying the Einstein equations.
Properties of the ontinuum are dened on the material manifold, that is, on a 3dimensional
manifold whose points represent partiles of whih the ontinuum onsists. The way the on-
tinuum is distributed in spaetime is desribed by the mapping f that maps spaetime on the
material manifold, telling us whih partile is in the partiular worldpoint. It is alled material
mapping and onsidered a dynamial eld on the spaetime, too. Contravariant metri in any
worldpoint an be pushforwarded by the material mapping, providing us with a symmetri,
double ontravariant tensor on the material manifold. This tensor an be interpreted as the
strain tensor.
The only harateristi of ontinuum that inuenes its dynamis is the state funtion ̺. It
is a salar funtion with two arguments, the point of the material manifold and the strain tensor
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at that point. By denition, it is the energy density in the rest frame of the given partile, in
the ontinuum whose deformation is desribed by the given strain tensor.
The dynamis is determined by the ation S =
∫
(−ρ+R)ωg, where R is the salar urvature,
ρ is the energy density given by the state funtion and ωg is the 4form of volume dened by
the metri g (for details, see [8℄). We use a system of units in whih the fator in front of R
involving gravitational onstant is absent. In these units, the Einstein equations assume the form
2Gµν = Tµν .
The priniple of extremal ation provides us with the equations of motion. Variation of the
ation with respet to the metri leads to the Einstein equations with an expliit formula for the
energymomentum tensor (to be given in the next setion). Variation of the ation with respet
to the material mapping yields equations of motion of the ontinuum (also written in the next
setion). As a matter of fat, Einstein equations together with the Bianhi identity usually arry
enough information to desribe the dynamis ompletely; nevertheless, it is useful to write down
the equations governing the dynamis of the soure expliitly.
The ation, and therefore also equations of motion, is ovariant with respet to the hange
of oordinates in the spaetime, and also in the material manifold. This is quite a large gauge
freedom. This freedom, however, an be used for xing oordinatedependent expressions in suh
a way that they beome simpler (although less general). In this paper, we x the gauge almost
ompletely in a way we nd most suitable for our problem.
3 Plane waves
We will investigate the propagation of weak waves, whih an be regarded as linear pertur-
bations to a ertain bakground solution.
3.1 Desription of the ontinuum; the bakground solution
For simpliity, we hoose the elasti ontinuum to be homogeneous, isotropi and at, whih
means that there exists a set of oordinates XA in the material manifold (where the material
index A, as well as any other upper ase Latin index, runs from 1 to 3) suh that the state
funtion is invariant with respet to Eulidean translations and rotations of XA.
The strain tensor has oordinate omponents (with respet to XA) whih an be treated
as oordinates on the spae of double ontravariant tensors on the material manifold. These
omponents will be denoted by HAB. The true strain tensors are always symmetri, but for the
purposes of dierentiation we an extend the state funtion also to nonsymmetri tensors. This
gives orret results if we let ̺ depend only on the symmetri part of HAB, or if we symmetrize,
when dierentiating with respet to HAB more than one, the derivatives with respet to all
HAB's but the last (and of ourse, insert symmetri values into the resulting expressions). We
will adopt the latter proedure. In general, ̺ an be dierentiated also with respet to XA.
However, the invariane with respet to translations implies ∂̺/∂XA = 0, therefore only the
derivatives of ̺ with respet to (the nine omponents of) HAB enter the equations.
Having xed the oordinates XA on the material manifold, we an express the material
mapping f through the oordinate omponent funtions fA. Together with arbitrary oordinates
xµ in the spaetime (where the spaetime index µ, as well as any other Greek index, runs from
3
0 to 3; we will also use lower ase Latin letters to denote spae indies running from 1 to 3),
we now have everything ready for the variation of the ation with respet to fA. This variation
leads to the equations of motion of a homogeneous isotropi at ontinuum
(
∂̺
∂HAB
gµν + 2
∂2̺
∂HAC∂HBD
gµλgνκfC,λf
D
,κ
)
fB,ν;µ = 0. (1)
By varying the material part of the ation with respet to gµν , we obtain a formula for the
energymomentum tensor,
Tµν = 2
∂̺
∂HAB
fA,µf
B
,ν − ̺gµν . (2)
Having ompleted a general desription of the ontinuum under onsideration, we an pro-
eed to further simpliations. The gauge freedom in spaetime oordinates an be redued by
requiring that fA(x) = xA (xA are omoving oordinates), after whih there remains only one
free oordinate x0. Further restrition will be g00 = −1, whih implies that x0 equals the proper
time t of the partiles of the ontinuum. The only freedom left onsists in the hoie of the
hypersurfae x0 = 0.
Now we an speify the bakground. We assume that it is, just like the ontinuum, ho-
mogeneous, isotropi and at, that is, equipped with a at RobertsonWalker metri g =
−dt ⊗ dt + a2(dx1 ⊗ dx1 + dx2 ⊗ dx2 + dx3 ⊗ dx3), where the sale parameter a depends only
on t. The symmetry allowed us to hoose the zero time hypersurfae to be orthogonal to the
worldlines of all partiles. Instead of the sale parameter, it turns out to be more onvenient to
use its logarithm z = ln a. Then we have g00 = −1, g0i = 0, gij = e2zδij , and we an ompute
the Einstein tensor to obtain 2G00 = 6z˙
2
, 2G0i = 0, 2Gij = e
2z(−4z¨−6z˙2)δij , where the overdot
means dierentiation with respet to t. The energymomentum tensor simplies to T00 = ̺,
T0i = 0, Tij = 2∂̺/∂H
ij − e2z̺δij . Equations of motion of the ontinuum hold identially.
The strain tensor of the bakground solution is HAB = e−2zδAB, and the invariane of ̺
with respet to rotations ensures that the derivatives of ̺ with respet to HAB, evaluated for the
bakground solution, are proportional to δAB (the rst derivative) or equal to linear ombinations
of the produts of δAB (the higher derivatives). Here, δ is in fat the Eulidean metri of the
material manifold, but in our oordinates we an use notation reminding us that δAB and δ
AB
are unit matries. This enables us to employ an extended version of summation onvention,
for example gAA = gABδAB and gAA = gABδ
AB
. Sine we have, in fat, identied the spatial
oordinates with the material oordinates, we an pullbak δ to obtain the unit matries δij
and δij . The rst matrix was already used in the formulas for 2Gij and Tij .
As the next step, let us introdue material harateristis to appear in the equations for
the bakground, as well as in the equations for perturbations. First, Einstein's osmologial
onstant an be treated as the vauum energy density ρ0 ontributing a onstant term to ̺.
After separating out this term, we an write the remaining energy density as a produt of the
partile density n and the energy per partile ε. In this way we obtain the general formula
̺ = ρ0 + nε, whih an be written for the bakground metri as ̺ = ρ0 + e
−3zε. Note that the
separation of the vauum energy density is in a sense artiial. We ould hoose any other value
of ρ0 and hange ε in suh a way that ̺ will be the same. Nevertheless, the introdution of ρ0 is
useful sine it provides us with a simpler formula for the quantity ε than we would obtain if we
put simply ̺ = nε.
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In the nonrelativisti theory, when a homogeneous and isotropi ontinuum is deformed in a
homogeneous and isotropi way, its stress tensor is given by one salar quantity  the pressure
σ; and when it is relaxed, its elasti properties are determined by two salar quantities  Lame
oeients µ and λ (see, for example, [3℄). Analogially, for a general relativisti homogeneous
and isotropi ontinuum we dene the salar σ by the relation
2
∂ε
∂HAB
= e2zσδAB ,
and the salars µ and λ by the relation
2
(
∂2ε
∂HAB∂HCD
+
∂2ε
∂HAB∂HDC
)
= e4z [λδABδCD + µ(δACδBD + δADδBC)] .
With all this new salars, the derivatives of ̺ evaluated for the bakground metri an be written
as
2
∂̺
∂HAB
= e−z(ε+ σ)δAB (3)
and
2
(
∂2̺
∂HAB∂HCD
+
∂2̺
∂HAB∂HDC
)
= ez[(λ+2σ+ ε)δABδCD+(µ− ε)(δACδBD+ δADδBC)]. (4)
The salars ε, σ, µ and λ as funtions of z are not independent, beause the derivative with
respet to z orresponds to the derivative with respet to HAB. The relations between these
salars are dε/dz = −3σ and dσ/dz = −(2σ + 3λ+ 2µ).
Now we are ready to write down the equations for the bakground. T00 beomes ρ0 + e
−3zε,
whih gives 6z˙2 = ρ0 + e
−3zε, and Tij beomes e
−zσδij − e2zρ0δij , whih gives, when ombined
with the equation for z˙2, −4z¨ = e−3z(ε+ σ). If we take into aount the identity for dε/dz, we
an see that the latter equation is nothing but the time derivative of the former equation. (At
least, this holds if z˙ 6= 0, whih we will assume in what follows in order to avoid singularities in
our expressions. By the same reason, we will assume ε+ σ 6= 0.) Thus, the bakground is a at
RobertsonWalker metri satisfying 6z˙2 = ρ0 + e
−3zε and dε/dz = −3σ; in other words, a at
universe evolving as if it ontained, in addition to the dark energy with the density ̺0, an ideal
uid with the density e−3zε and pressure e−3zσ.
3.2 Linear perturbations
Having xed the bakground solution we an start to inspet linear perturbations. Denote
perturbations of the elds f and g by δf and δg. Of ourse, not every perturbation is permitted
by the dynamis, but on the other hand, some perturbations orrespond merely to oordinate
hanges and are not of physial interest.
First, we redue the gauge degrees of freedom in a way analogial to how we xed the oor-
dinates in the bakground solution. We require that for the perturbed solutions the spaetime
oordinates are omoving, too, whih implies δfA = 0. We want also the x0 oordinate to
measure the proper time of the partiles (x0 = t), whih implies δg00 = 0. This leaves us with
the freedom of hoosing the zero time hypersurfae. But, unlike the bakground, the perturbed
metri is generally not symmetri enough to allow us to pik a ertain nie hypersurfae (like the
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hypersurfae orthogonal to the worldlines of all partiles). Therefore we proeed further with
this last ambiguity left.
Before writing down the linearized dynamial equations, we an take advantage of the fat
that the linearized equations are (of ourse) linear. Therefore their solutions form a linear spae
(they satisfy the superposition priniple), and an be omplexied. The omplex solutions have
no diret physial meaning, but they an simplify the upoming expressions a bit.
Sine the solutions form a linear spae, it is suient to investigate some basis of them to
obtain the omplete piture. A nie ansatz for suh basis follows from the translation symmetry
of the ontinuum. This symmetry ensures that there are solutions of the form of (omplex)
plane waves, that is, depending on the spae oordinates only through the multipliation fator
exp(ikAx
A), where k is a onstant real wave ovetor on the material manifold. When dealing
with just one plane wave, we an always utilize the rotational invariane of the bakground
solution to rotate oordinates in suh a way that x1 beomes parallel to k, whih means that
the oordinate omponents of k beome (k, 0, 0) (the rst k is a ovetor, the seond k is a real
number).
If we nd all plane wave solutions, we an use them to onstrut any solution of the form of
a (spae) tempered distribution. This means that we atually do not have a basis, beause we
miss the solutions that grow faster than polynomially with the spae distane, as is the ase for
surfae waves. We duly restrit our attention to the spaetempered distributions, referring to
the fat that beause of ausality suh solutions are suient for desribing linearized dynamis
in a bounded region of spaetime.
Plane waves provide a signiant simpliation of our problem sine the spae derivatives
ating on the perturbations beome just powers of k. In further omputations, some typial
ombinations of derivatives with respet to time or spae oordinates our repeatedly, so it is
onvenient not to use δg diretly, but to replae it by more ompliated expressions in order to
obtain simpler looking results. For a plane wave with the wave ovetor k already rotated into
the x1 diretion we dene a tensoriallooking, timedependent quantity h by putting
δg0i(x) = −ikh0i(t)eikx
1
,
δgij(x) = e
2z(t)hij(t)e
ikx1 .
Now, everything is ready for a straightforward but lengthy variation of dynamial equations.
We will write down just the nal expressions. Variation of the energymomentum tensor gives
δT00 = −1
2
e−3z(ε+ σ)hkk,
δT0i = ikρ0h0i + ike
−3zεh0i,
δTij = −1
2
e−z(λ+ σ)δijhkk − e−zµhij − e2zρ0hij ;
variation of the Einstein tensor gives
2δG00 = 2z˙h˙kk − 4e−2zk2z˙h01 + e−2zk2(hkk − h11),
2δG01 = ikh˙11 − ikh˙kk + ik(4z¨ + 6z˙2)h01,
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2δG0α = ikh˙1α + ik(4z¨ + 6z˙
2)h0α − ike−2zk2h0α,
2δG11 = e
2z[h¨11 + 3z˙h˙11 − (4z¨ + 6z˙2)h11 − h¨kk − 3z˙h˙kk],
2δG1α = e
2z[h¨1α + 3z˙h˙1α − (4z¨ + 6z˙2)h1α]− k2h˙0α − k2z˙h0α,
2δG22 = e
2z[h¨22+3z˙h˙22− (4z¨+6z˙2)h22− h¨kk− 3z˙h˙kk]+2k2h˙01+2k2z˙h01+k2(h11+h22−hkk),
2δG33 = e
2z[h¨33+3z˙h˙33− (4z¨+6z˙2)h33− h¨kk− 3z˙h˙kk]+2k2h˙01+2k2z˙h01+k2(h11+h33−hkk),
2δG23 = e
2z[h¨23 + 3z˙h˙23 − (4z¨ + 6z˙2)h23] + k2h23;
and variation of the equation of motion of the ontinuum gives
(ε+ σ)h˙01 = (2µ+ 3λ+ 5σ)z˙h01 − (µ+ σ)h11 − 1
2
(λ+ σ)hkk,
(ε+ σ)h˙0α = (2µ+ 3λ+ 5σ)z˙h0α − (µ+ σ)h1α.
The index α, appearing in the expressions for δGµν as well as in the varied equations of motion
of the ontinuum, assumes values 2 and 3. The expressions for δTµν and 2δGµν are given modulo
fator eikx
1
; this is, however, of no signiane sine we aim to equate them anyway.
When writing down the varied Einstein equations we an use formulas for the bakground
solution to eliminate both ρ0 and z¨ from our equations (and keep z, z˙, ε+σ, λ+σ and µ+σ only).
Again, as in the bakground solution, we nd that some terms of the varied Einstein equations
are just time derivatives of other equations. In addition to the varied equations of motion of the
ontinuum ited above, we obtain the following set of independent equations:
2z˙h˙kk + e
−2zk2(hkk − h11 − 4z˙h01) = −1
2
e−3z(ε+ σ)hkk,
h˙11 − h˙kk = e−3z(ε+ σ)h01,
h˙1α − e−2zk2h0α = e−3z(ε+ σ)h0α,
(h¨22 − h¨33) + 3z˙(h˙22 − h˙33) + e−2zk2(h22 − h33) = −e−3z(µ+ σ)(h22 − h33),
h¨23 + 3z˙h˙23 + e
−2zk2h23 = −e−3z(µ+ σ)h23.
3.3 Modes
The set of equations we have found is evidently not totally oupled; it an be rather divided
into several subsets of oupled equations. Physially, this means that there are dierent modes
of wave propagation for the given wave ovetor. Sine general relativity without matter and
lassial elastiity are both limit ases of relastiity, we expet that there will be two modes of
gravitational waves, two modes of transversal aousti waves and one mode of longitudal aousti
waves. Also, there should remain one odd mode oming from the freedom of hoosing the zero
time hypersurfae.
First we have equations for h22 − h33 and h23, whih an be written in a ompat form as
h¨Tij + 3z˙h˙
T
ij +
[
e−2zk2 + e−3z(µ+ σ)
]
hTij = 0, (5)
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where hTij is the tensor part of hij (a symmetri 3 × 3 matrix with nonzero omponents hT22 =
−hT33 = (h22 − h33)/2 and hT23 = h23). These equations learly desribe gravitational waves with
polarizations ⊕ (the omponent hT22) and ⊗ (the omponent hT23); or, speaking in osmologial
terms, the tensor perturbations (see [6℄). The equations oinide with those valid in general
relativity for an universe lled with an ideal uid, see [10℄, if µ+ σ vanishes. To see where this
ondition omes from, note that for an ideal uid the energy per partile ε depends only on
the partile density n. If we write n =
√
detHAB, we an ompute the seond derivatives of
ε = ε(n) with respet to HAB and ompare them with the expression in subsetion 3.1. In this
way we obtain µ = −ndε/dn = (1/3)dε/dz. However, the identity for dε/dz, to be found also in
subsetion 3.1, implies that the right hand side equals −σ. Thus, an ideal uid an be dened
as an elasti ontinuum with µ+ σ = 0.
Next we have two pairs of equations ontaining h0α and h1α only,
h˙0α =
2µ+ 3λ+ 5σ
ε+ σ
z˙h0α − µ+ σ
ε+ σ
h1α, (6)
h˙1α =
[
e−2zk2 + e−3z(ε+ σ)
]
h0α. (7)
Consider equations for h02 and h12. Sine the perturbation of g12 represents the shear strain
in the x2 diretion and the perturbation of g02 represents the motion of the partiles of the
ontinuum in the same diretion (for an observer for whom the time t is loally synhronized),
this mode an be identied with the transversal aousti wave that osillates in the x2 diretion.
Analogially, equations for h03 and h13 desribe the propagation of a transversal aousti wave
that osillates in the x3 diretion. These modes belong to the setor of vetor osmologial
perturbations.
There are three independent ombinations of omponents of h left, namely h01, h11 and hkk,
desribing salar osmologial perturbations. But they are all inited by the remaining freedom
of hoosing the zero time hypersurfae. Pure shift of this hypersurfae, orresponding to a plane
wave with the wave ovetor k = (k, 0, 0), yields a ontribution to h proportional to h01 = 1,
h11 = h22 = h33 = 2z˙. To identify physially relevant perturbations, we dene ombinations
of omponents of h that are invariant with respet to this hypersurfae hange. We do this by
introduing y01, y11 and y suh that
h01 = y01 + y,
h11 = y11 + 2z˙y,
hkk = y11 + 6z˙y.
The interpretation of these formulas is as follows. If z˙ 6= 0, we an always hoose the zero time
hypersurfae in suh a way that hkk = h11. For suh hypersurfae, y01 and y11 are equal to h01
and h11 respetively. If we want to hoose another hypersurfae, we simply add the hypersurfae
shifting terms proportional to y. Sine we still want t to be the proper time of partiles, we will
have dierential equation for y, but we an see that the physial information about the longitudal
aousti waves is ontained in y01 and y11 only.
Using the denition of y's, we obtain a set of equations that an be neaten to one equation
for y,
y˙ = − 1
4z˙
e−3z(ε+ σ)y01, (8)
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and a pair of equations not ontaining y whih invariantly desribe the propagation of a longitudal
aousti wave,
y˙01 =
[
2µ+ 3λ+ 5σ
ε+ σ
z˙ +
1
4z˙
e−3z(ε+ σ)
]
y01 − 1
2
λ+ 2µ+ 3σ
ε+ σ
y11, (9)
y˙11 =
[
2e−2zk2 +
3
2
e−3z(ε+ σ)
]
y01 − 1
4z˙
e−3z(ε+ σ)y11. (10)
4 Example
Consider a ontinuum with the sti ultrarigid state funtion introdued in [9℄. The authors
dene the prinipal linear partile densities n1, n2, n3 in terms of H
AB
, and write the state
funtion as
ρ = A
[
(n1n2)
2 + (n2n3)
2 + (n3n1)
2
]
+B,
where A and B are onstants. If we hoose, for simpliity, A = 1 and B = 0, the state funtion
as a funtion of HAB is
̺ =
1
2
(HCCHDD −HCDHCD). (11)
If we treat all HAB's as truly independent variables, the seond term depends on the antisym-
metri part of HAB; however, there is no need to modify it as long as we use our formalism of
symmetrized higher derivatives.
The rst and seond derivatives of ̺ with respet to HAB are
∂̺
∂HAB
= δABH
CC − δACδBDHCD,
∂2̺
∂HAB∂HCD
= δABδCD − δACδBD.
Evaluating ̺ and its derivatives for HAB = e−2zδAB we get
̺ = 3e−4z,
∂̺
∂HAB
= 2e−2zδAB,
∂2̺
∂HAB∂HCD
= δABδCD − δACδBD,
and, onsequently,
ρ0 = 0, ε = 3e
−z, σ = e−z, λ = −e−z, µ = e−z. (12)
The equation 6z˙2 = ρ0 + e
−3zε reads
z˙2 =
1
2
e−4z
and has an (expanding) solution
z =
1
4
ln 2 +
1
2
ln t. (13)
This is just the well known formula a ∝ √t for a universe lled with an ideal uid with the
equation of state σ = (1/3)ε (or, in more ommon notations, p = (1/3)ρ).
Using z˙ = (2t)−1 and e−2z = (
√
2t)−1, we an express oeients in the equation, or system
of equations, for eah kind of waves as funtions of time. The equation for gravitational waves
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reads
h¨Tij +
3
2t
h˙Tij +
(
k2√
2t
+
1
t2
)
hTij = 0. (14)
Besides of that, we have a pair of equations for transversal aousti waves,
h˙0α =
1
2t
h0α − 1
2
h1α, h˙1α =
(
k2√
2t
+
2
t2
)
h0α,
and a triplet of equations for longitudal aousti waves,
y˙ = −2
t
y01,
y˙01 =
3
2t
y01 − 1
2
y11, y˙11 =
(√
2
t
k2 +
3
t2
)
y01 − 1
t
y11.
The rst-order equations for h0α and h1α, as well as those for y01 and y11, an be ombined into
a seond-order equation for either variable. We hoose the variables h0α and y01, beause the
orresponding equations ontain k2 only as a fator in front of the variable itself, thus beoming
hyperboli partial dierential equations when one passes from k2 bak to the Laplaian. The
equations read
h¨0α − 1
2t
h˙0α +
(
k2
2
√
2t
+
3
2t2
)
h0α = 0, (15)
y¨01 − 1
2t
y˙01 +
(
k2√
2t
+
3
2t2
)
y01 = 0. (16)
A remarkable feature of these equations is that they oinide in the limit of small k. Thus, if we
use for the desription of longitudinal and transversal aousti waves the funtions h0α and y01,
the waves behave identially in the regime in whih they stay well outside the horizon. There is no
point in extending the omparison to gravitational waves, sine the eld hTij in the orresponding
equation is of ompletely dierent nature than the elds h0α and y01 in the equations for aousti
waves (whih are at least akin). Note, however, that if we pik the variables h1α and y11 instead
of h0α and y01 to desribe aousti waves, or multiply h0α and y01 by e
−2z
(the same fator that
appears in the denition of hij in terms of δgij), the resulting equations will oinide not only
with eah other, but also with the equation for hTij in the limit of small k.
For both gravitational and aousti waves, osillating elds as funtions of time are depited
in gure 1. The urves denoted by g ('gravitational'), t ('transversal') and l ('longitudinal') are
graphs of the funtions hT22 or h
T
23, h02 or h03, and y01 respetively. For omparison, graphs of the
funtions hT22 or h
T
23 and y01 for an ideal uid with the equation of state σ = (1/3)ε are inluded
into the gure, too (denoted by gfluid and lfluid; of ourse, there are no transversal aousti
waves in an ideal uid). All urves are omputed for k = 1, with the osillating eld equal to
1 and its derivative vanishing at the moment t = 0.01. The waves ross the horizon at t ∼ 1;
before that their wavelength is larger and afterwards it is smaller than the horizon length. The
main new eet of nonzero shear stresses, distinguishing the ontinuum under onsideration from
an ideal uid, are osillations of the elds at superhorizon sales. Asymptotially, the osillating
fator is cos[(
√
15/4) log t+ ψ] for all three kinds of waves.
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Figure 1: Time evolution of gravitational and aousti waves
5 Conlusion
We have developed a formalism desribing the propagation of plane waves in a general rel-
ativisti homogeneous and isotropi at ontinuum. In omparison with [5℄, where the same
problem is studied, we did not inlude into the theory small perturbations to the Eulidean
metri of the material manifold (tensor bab in the notation of [5℄). In this way we simplied the
matters as muh as possible.
We were suessful in identifying relativisti generalizations of aousti waves. The longitu-
dinal mode was enumbered with the 'time wave' gauge freedom, and the denition of gauge
invariant y's was needed. After introduing them we were able to desribe the wave by two
oupled rst-order dierential equations. This is equivalent to one seond-order equation, hene
our theory is a straightforward generalization of its nonrelativisti ounterpart. Again, this an
be ompared with [5℄ where the propagation of the longitudinal wave is desribed by two oupled
seond-order equations (equations (3.12) and (3.15) in subsetion 3.1). The ited work diers
from ours in that respet that it uses Newtonian gauge. Of ourse, the transition from one gauge
to another annot inrease the number of degrees of freedom, therefore in Newtonian gauge
the longitudinal wave must be also desribed by two rst-order equations (imposing onstraints
on initial onditions for the seond-order equations). Perhaps the omoving proper-time gauge
we have hosen for our alulations is better adapted for derivation of these more fundamental
equations.
We kept the formalism as easy and simple as possible, although sometimes we have preferred
omprehensibility to simpliity. For example, the introdution of ρ0 and ε was not neessary. We
ould use ̺ (and salars entering the derivatives of ̺ with respet to HAB) only, but we felt that
the quantities ε (and σ, µ and λ) were more appropriate for the desription of the ontinuum.
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Also, we introdued z and h's just to simplify the expressions even if the meaning of h0i is far
from obvious. And our hoie of y's reeted the most natural initial ondition h11 = hkk. On
the other hand, the fat that the resulting equations do have singularity for z˙ = 0 suggests that
this ondition is not the best. For those interested in nonsingular equations, note that using
h01 = υ01 + υ,
hkk = υkk + 6z˙υ,
h11 =
4e−2zk2 + 2e−3z(ε+ σ)
4e−2zk2
υkk + 2z˙υ,
we obtain equations
υ˙ = − e
−3z(ε+ 2µ+ 3λ+ 6σ)
4e−2zk2 + 3e−3z(ε+ σ)
υkk,
υ˙kk =
6e−3z(ε+ 2µ+ 3λ+ 6σ)
4e−2zk2 + 3e−3z(ε+ σ)
z˙υkk + 2e
−2zk2υ01,
υ˙01 =
2µ+ 3λ+ 5σ
ε+ σ
z˙υ01 −
[
1
2
2µ+ λ+ 3σ
ε+ σ
+
2e−3z(µ+ σ)
4e−2zk2
− e
−3z(ε+ 2µ+ 3λ+ 6σ)
4e−2zk2 + 3e−3z(ε+ σ)
]
υkk.
However, these equations look no simpler than the equations for h's, and we used z˙ 6= 0 when
deriving them anyway.
When applying our theory to a sti ultrarigid ontinuum, we found that the time evolution of
longitudinal and transversal aousti waves, if desribed by the funtions h0α and y01, oinide
in the limit of small k. This is not a unique feature of the state funtion onsidered. The same
statement holds for any 'linear' ontinuum, that is, ontinuum with ρ0 = 0 and σ, λ and µ
proportional to ε, provided the onstraint on the oeients of proportionality following from
the relation dσ/dz = −(2σ + 3λ+ 2µ) is satised.
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